Silicon Photo-Multipliers (SiPMs) consist of a high density array of p-n junctions with a common output (∼ 10 3 cells per mm 2 ), operated beyond the breakdown voltage in a Geiger-Müller regime. With a typical gain of the order of 10 6 , time resolution at the 100 ps level, a dead time per diode limited to 100 ns, enhanced blue sensitivity, photon detection efficiency in excess of 30% and, notably, a photon number resolving capability up to a few tens of photons even at room temperatures, their performances are comparable with the common use Photo-Multiplier Tubes, with the advantage of operability in magnetic fields. However, SiPMs present a significant Dark Count Rate (DCR), ranging from a few 100 kHZ to the MHz level at room temperature, and a relevant optical cross-talk between the cells, with values depending on the detector design and the biasing condition, so that their use is far from being trivial. The performance of SiPMs have been tested in the context of the characterization of the photon number distribution in a light field. Infact, while the Geiger-Müller avalanche triggering by impinging photons can be modelized as a pure bernoullian process that preserves the photon number distribution of measured light field, relevant values of DCR and cross-talk can cause sizeable deviations from this statistics. Taking into account the DCR and cross-talk effects in the Geiger-Müller avalanche distribution, we demonstrate that photon number distributions in a poissonian and thermal-like light field can be properly reconstructed. 25 % at 70 V Gain:
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Introduction
This paper focuses on SiPMs, detectors featuring unique characteristics that are achieved by a rapidly evolving technology [1, 2] . Silicon photomultipliers consist of a high density (10 3 mm 2 ) matrix of diodes with a common output. Each diode (or cell) is operated in a limited Geiger-Müller (GM) regime, in order to achieve gains at the level of 10 6 . Quenching mechanisms are implemented to avoid establishing self-sustaining discharges. These detectors are sensitive to single photons triggering GM avalanches and can be endowed with a dynamic range well above 100 photons/burst. The photon detection efficiency (PDE) depends on the sensor design and specification, but it may well exceed 30%. Moreover, SiPMs are genuine photon-number resolving detectors, measuring the light intensity simply by the number of fired diodes. Compactness, robustness, low cost, low operating voltage and power consumption are also added values against traditional photodetectors. On the other hand, SiPMs are affected by significant dark count rates (DCR hereafter), associated to cells fired by thermally generated charge carriers. Moreover, photon emission from the GM avalanches [3] , may in turn trigger secondary avalanches and result in relevant optical cross-talk. While DCR and cross-talk may be directly measured, it is clear that they are folded in the detector response to any signal and need to be properly modelled if the statistical properties of the light have to be investigated (see ref. [4] ). The self-consistent analysis of the statistics of light fields described in ref. [4] was performed using Hybrid Photo Detectors (HPDs) and Photo Multiplier Tubes (PMTs): testing its applicability using SiPMs as light detectors is one of the main motivations behind the study presented in this paper. However, this work features many similarities with a parallel and indipendent study described in ref. [5] , with some differences that will be outlined in the text.
Experimental set-up
The experimental results reported below were obtained using SiPMs produced by Hamamatsu Photonics, namely model MPPC S10362-11-100C 1 , whose main features are summarized in Ta detector. The components in the dashed boxes are inserted to produce the pseudo-thermal field. ble 1. We illuminated the sensor with a frequency-doubled Nd:YLF mode-locked laser amplified at 500 Hz (High Q Laser Production) that provides linearly polarized pulses of ∼5.4 ps duration at 523 nm wavelength. We performed two series of measurements, the first one directly on the coherent laser output and the second one on the pseudo-thermal light obtained by passing the laser through a rotating ground-glass diffuser (D in Fig. 1 ) [6] . In order to vary the intensity of the delivered light, we inserted a rotating polarizer in the first serie of measurement, and a continuous variable neutral density filter in the second serie. We delivered the light to be measured to the sensor by a multimode optical fiber (1 mm core diameter). The signal was integrated by a charge digitizer V792 produced by CAEN 2 , with a 12-bit resolution over 400 pC range; the signal was typically integrated over a 200 ns long time window synchronized to the laser pulse.
The Model
The response of an ideal detector to a light field can be described in a simple way as a bernoullian process:
where B m,n (η) is the bernoullian probability of having m events out of n trials, each event having a probability of occurrence η: in our case, n is the number of impinging photons over the integration time, m the number of detected photons and η < 1 the photon-detection efficiency. Actually, η is a single parameter quantifying detector effects and losses (intentional or accidental) which can be tracked to the optical system. As far as SiPMs are concerned, detector effects are due to the quantum efficiency, the fill factor and the avalanche triggering probability, namely the probability for a charge carrier to develop a Geiger-Müller quenched discharge [7, 8] . As a consequence, the distribution P m,el of the number of the GM avalanches triggered by a photo-electron actually corresponding to a detected photon, must be linked to the distribution P n,ph of the number of photons
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This simple description has to be further developed to link P m,el to the probability density distribution of the GM avalanches of any origin. First we must take into account spurious hits and cross-talk effects, not negligible in the detectors being studied. As in our experimental setup the acquisition is performed by signal current integration and not by waveform digitalization (as instead done in ref.
[5]), we cannot reject the contribution of dark count events occurring in the gate of integration; we thus decided to model their contribution as a a poissonian process which can be described as:
where m dc is the mean number of dark counts observed in the integration time.
As a consequence, the statistics of the recorded pulses may be described as:
As a further step, cross-talk effects shall be taken into account. Cross-talk is a genuine cascade phenomenon that can be described at first order as [5] 
being ε the (constant) probability that the GM avalanche of a cell triggers a second cell, n the number of dark counts and photo-triggered avalanches and m the total number of detected GM avalanches. Within this first-order approximation, the actual sensor response is described by
In actual data analysis, further steps of the cascade had been added, adding terms like equation 3.5, each one providing additional m − n events out of n events triggered in the previous step of the cascade.
Data Analysis

Procedure Overlook
Recorded spectra were analyzed in a two-step procedure:
-we measured the area of each spectrum peak, corresponding to the spread of the signal around its mean value (given by the peak position) due to stocastic terms: thus the area A m of the m-th peak is a measurement of P m,cross ;
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SiPM Response Analysis M. Ramilli -we fitted the obtained data points with a theoretical function, which takes into account the statistics of light, detection and all deviations of the detectors from ideality, such as DCR and cross-talk effects, as shown in section 3.
To evaluate the area of each peak, we performed a multi-peak fit of the spectrum histogram, modelling each peak with a Gauss-Hermite function (GH) [9] :
where
and N is a normalization factor,x is the peak position and σ is the variance of the gaussian function; H 3 (w) and H 4 (w) are the third and the fourth normalized hermite polynomials, giving respectively a completely asymmetric and a completely symmetric deviation from the gaussian shape. These deviations are used to take into account the phenomenological asymmetry of the peaks. The deviation from gaussian shape is regulated by the pre-factors 3 
The error σ A m on the obtained value is calculated by propagating the errors on the fit parameters; these values are then used to fit the final Geiger-Müller avalanches probablity distribution P m,cross (see equation 3.6).
The main limit of this approach is obvious: as all the information on the statistics of the system is obtained from the peak areas, this method can only be applied to peak-resolving histograms with a number of peaks greater than the number of free parameters of the fitting function, which, in the present analysis, can rise up to five.
Poissonian Light
We measured the statistics of 20000 subsequent laser shots in 15 series, each one with a different mean value set by rotating a polarizer (P in Fig. 1 ) in front of the collection fiber. Being in this case P m,el of equation 3.2 a poissonian distribution, we have a theoretical fitting funtion with three free parameters: the expectation value of the number of avalanches generated by the light field and DCR (m el+dc ), the probability ε for an avalanche to trigger a second one and a global normalization factor: in this case we are limited to spectra with at least 4 resolved peaks.
In Figure 2(a) we show an example of the results obtained with the multi-peak fit procedure on a spectrum obtained from poissonian light, while in Figure 2(b) we show the obtained data points representing the statistics of the Geiger-Müller avalanches, fitted both with a simple poissonian distribution and with our probability distibution taking into account cross-talk effects: using the χ 2 as an indicator of the goodness of the result, our model proves to provide an excellent description of the phenomena.
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Single Mode Pseudo-Thermal Light
In order to obtain information on the contribution of dark-counts we measured a different light statistics, with a shape modified by the convolution with the poissonian distribution for darkcounts. We measured a single mode pseudo-thermal light distribution, with an expected probability distribution function of
We produced the above mentioned light field by selecting with a small aperture (∼ 150 µm diameter) a region much smaller than the coherence area of the speckle patterns produced by the rotating diffuser. We follow the same procedure described for coherent light by measuring the values of the output at 50000 subsequent laser shots and at 10 different mean values, obtained by means of a variable neutral-density filter (ND in Fig. 1 ).
Like in previous subsection, we show in Figure 3 an example of the results obtained from our analysis of the spectra. In Figure 3 (a) we present the multi-peak fit of a typical spectra corresponding to the output of a sensor illuminated with a single mode pseudo-thermal light field; in Figure 3 (b), we compare our fitted probability distribution, with the one without DCR and cross-talk contributions: again, χ 2 is an indication of the goodness of our model.
Conclusions
The experimental tests we performed proved that our model provides a realistic descritption of the response of a Silicon Photomultiplier, allowing us to take into account the deviations to the statistics of light induced by the non-idealities of the sensor. This method of analysis, together with direct measurements of DCR and optical cross-talk, can prove particulary useful when statistic of light has to be reconstructed precisely; an example of
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